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Abstract. We answer, in the affirmitive, the following question pro- 
posed by Mike Steel as a $100 challenge: "Is the following problem NP- 
hard? Given a ternar-$\ phylogenetic X-tree T and a collection Q of 
quartet subtrees on X, is T the only tree that displays Q?" [25127] 



1 Introduction 

One of the major efforts in molecular biology has been the computation of phylo- 
genetic trees, or phylogenies, which describe the evolution of a set of species from 
a common ancestor. A phylogenetic tree for a set of species is a tree in which 
the leaves represent the species from the set and the internal nodes represent the 
(hypothetical) ancestral species. One standard model for describing the species is 
in terms of characters, where a character is an equivalence relation on the species 
set, partitioning it into different character states. In this model, we also assign 
character states to the (hypothetical) ancestral species. The desired property is 
that for each state of each character, the set of nodes in the tree having that char- 
acter state forms a connected subgraph. When a phylogeny has this property, 
we say it is perfect. The Perfect Phylogeny problem [15] then asks for a given set 
of characters defining a species set, does there exist a perfect phylogeny? Note 
that we allow that states of some characters are unknown for some species; we 
call such characters partial, otherwise we speak of full characters. This approach 
to constructing phylogenies has been studied since the 1960s |4I19I20I21I30| and 
was given a precise mathematical formulation in the 1970s [911011 1112] . In par- 
ticular, Buneman [3] showed that the Perfect Phylogeny problem reduces to a 
specific graph-theoretic problem, the problem of finding a chordal completion 
of a graph that respects a prescribed colouring. In fact, the two problems are 
polynomially equivalent |17j . Thus, using this formulation, it has been proved 
that the Perfect Phylogeny problem is ./VP-hard in [2] and independently in [28] . 
These two results rely on the fact that the input may contain partial characters. 
In fact, the characters in these constructions only have two states. If we insist on 
full characters, the situation is different as for any fixed number r of character 
states, the problem can be solved in time polynomial [T] in the size of the input 



' The original formulation uses the term "binary" , in the sense of "rooted binary tree" , 
but in this contex the two are equivalent. 



(and exponential in r). In fact, for r — 2 (or r = 3), the solution exists if and 
only if it exists of every pair (or triple) of characters |12ll8j . Also, when the 
number of characters is k (even if there are partial characters), the complexity 
|22j is polynomial in the number of species (and exponential in k). 

Another common formulation of this problem is the problem of a consensus 
tree [7114128] . where a collection of subtrees with labeled leaves is given (for 
instance, the leaves correspond to species of a partial character). Here, we ask 
for a (phylogenetic) tree such that each of the input subtrees can be obtained 
by contracting edges from the tree (we say that the tree displays the subtree). 
It turns out that the problem is equivalent |25j even if we only allow particular 
input subtrees, the so-called quartet trees which have exactly six vertices and 
four leaves. In fact, any ternary phylogenetic tree can be uniquely described by 
a collection of quartet trees [25]. However, a collection of quartet trees does not 
necessarily uniquely describe a ternary phylogenetic tree. 

This leads to a natural question: what is the complexity of deciding whether or 
not a collection of quartet trees uniquely describes a (ternary) phylogenetic tree? 
This question was posed in [23], later conjectured to be TV P- hard and listed on 
M. Steel's personal webpage [27J where he offers $100 for the first proof of NP- 
hardness. In this paper, we answer this question by showing that the problem is 
indeed ./VP-hard. In particular, we prove the following theorem. 

Theorem 1. It is NP-hard to determine, given a ternary phylogenetic X-tree 
T and a collection Q of quartet subtrees on X , whether or not T is the only 
phylogenetic tree that displays Q. 

We prove the theorem by describing a polynomial-time reduction from the 
uniqueness problem for ONE-IN-THREE-3SAT, which is AP-hard by the following 
result of [16]. (Note that [16] gives a complete complexity characterization of 
uniqueness for boolean satisfaction problems similar to that of Shaefer [26].) 

Theorem 2. |16j It is NP-hard to decide, given an instance I to ONE-in- 
THREE-3SAT, and a truth assignment a that satisfies I , whether or not a is 
the unique satisfying truth assignment for I . 

Our construction in the reduction is essentially a modification of the con- 
struction of 2] which proves AP-hardness of the Perfect Phylogeny problem. 
Recall that the construction of [2] produces instances Q that have a perfect 
phylogeny if and only if a particular boolean formula ip is satisfiable. We im- 
mediately observed that these instances Q have, in addition, the property that 
ip has a unique satisfying assignment if and only if there is a unique minimal 
restricted chordal completion of the partial partition intersection graph of Q (for 
definitions see Section [2]). This is precisely one of the two necessary conditions 
for uniqueness of perfect phylogeny as proved by Semple and Steel in [24] (see 
Theorem 2]). Thus by modifying the construction of [2] to also satisfy the other 
condition of uniqueness of [24] . we obtained the construction that we present 
in this paper. Note that, however, unlike [2] which uses 3SAT, we had to use a 
different TVP-hard problem in order for the construction to work correctly. Also, 



to prove that the construction is correct, we employ a variant of the characteri- 
zation of [23] that uses the more general chordal sandwich problem [13] instead 
of the restricted chordal completion problem (see Theorem [7]). In fact, by way of 
Theorems [5] and [51 we establish a direct connection between the problem of per- 
fect phylogeny and the chordal sandwich problem, which apparently has not been 
yet observed. (Note that the connection to the (restricted) chordal completion 
problem of coloured graphs as mentioned above [3117] is a special case of this.) 
Using this result, we are able to present a much simplified proof of Theorem [TJ 
Finally, as a corollary, we obtain the following result. 

Corollary 1 (Chordal sandwich). The Unique chordal sandwich problem is 
NP-hard. Counting the number of minimal chordal sandwiches is #P '-complete. 

The first part follows directly from Theorems [2] and [8j while the second part 
follows from Theorem [8] and [5]. (Note that [5] gives a complete complexity 
characterization for the problem of counting satisfying assignments for boolean 
satisfaction problems, just like [TB] gives for uniqueness as mentioned above). 

The paper is structured as follows. First, in Section [2] we describe some pre- 
liminary definitions and results needed for our construction of the reduction. In 
particular, we describe, based on [24], necessary and sufficient conditions for the 
existence of a unique perfect phylogeny in terms of the minimal chordal sand- 
wich problem (cf. |6I13] V The proof of this characterization is postponed until 
Section [5] In Section [31 we describe the actual construction and state one of 
the two uniqueness conditions (Theorem [8]) relating minimal chordal sandwiches 
to satisfying assignments of an instance / of ONE-in-three-3sat. The proof is 
presented later in Section[6] In Section[4] we describe and prove the other unique- 
ness condition (Theorem [9]) relating satisfying assignments of I to phylogenetic 
trees. In Section [TJ we put these results together to prove Theorem [TJ 

2 Preliminaries 

We mostly follow the terminology of |24|25j and graph-theoretical notions of [29] . 

Let X be a non-empty set. An X-tree is a pair (T, 4>) where T is tree and 
<f) : X — >• V(T) is a mapping such that _1 (w) ^ for all vertices v 6 V(T) 
of degree at most two. An X-tree (T, <j>) is ternary if all internal vertices of T 
have degree three. Two X-trees (Ti,<pi), (T^,^) are isomorphic if there exists 
an isomorphism tp : V{T±) — > ViTty between T± and Ti that satisfies <f>2 = 

An X-tree (T,cj>) is a phylogenetic X-tree (or a free X-free in |24j ) if <j) is 
bijection between X and the set of leaves of T. 

A partial partition of X is a partition of a non-empty subset of X into at least 
two sets. If Ai, A2, . . . , At are these sets, we call them cells of this partition, 
and denote the partition -A1I-A2I ■ ■ ■ l-At- If t = 2, we call the partition a partial 
split. A partial split Ai\A2 is trivial if \Ai \ = 1 or = 1. 

A quartet tree is a ternary phylogenetic tree with a label set of size four, 
that is, a ternary tree T with 6 vertices, 4 leaves labeled a, b, c, d, and with only 
one non-trivial partial split {a, b}\{c, d} that it displays. Note that such a tree 



is unambiguously defined by this partial split. Thus, in the subseqent text, we 
identify the quartet tree T with the partial split {a, b}\{c, d}, that is, we say 
that {a, 6}|{c, d} is both a quartet tree and a partial split. 

Let T = (T, </>) be an A-tree, and let n = A\ \ A2 \ . . . \ At be a partial partition 
of A. We say that T displays ir if there is a set of edges F of T such that, for 
all distinct i,j G {1 . . .t}, the sets <fr(Ai) and </>(Aj) are subsets of the vertex 
sets of different connected components of T — F. We say that an edge e of T is 
distinguished by n if every set of edges that displays tt in T contains e. 

Let Q be a collection of partial partitions of A. An A-tree T displays Q if 
it displays every partial partition in Q. An A-tree T = (T, </>) is distinguished 
by Q if every internal edge of T is distinguished by some partial partition in Q\ 
we also say that Q distinguishes T ■ The set Q defines T if T displays Q, and 
all other A-trees that display Q are isomorphic to T ■ Note that if Q defines T, 
then T is necessarily a ternary phylogenetic A-tree, since otherwise "resolving" 
any vertex either of degree four or more, or with multiple labels results in a 
non-isomorphic A-tree that also displays Q (also, see Proposition 2.6 in |24j). 

The partial partition intersection graph of Q, denoted by int(Q), is a graph 
whose vertex set is {(A, tt) | where A is a cell of tt e Q} and two vertices (A, ir), 
(A',7t') are adjacent just if the intersection of A and A' is non-empty. 

A graph is chordal if it contains no induced cycle of length four or more. A 
chordal completion of a graph G = (V, E) is a chordal graph G' = (V,E') with 
E C E' . A restricted chordal completion of int(Q) is a chordal completion G' 
of int(Q) with the property that if A±,A2 are cells of tt g <2, then (Ai,7r) is 
not adjacent to (vl2,7r) in G'. A restricted chordal completion G' of int(Q) is 
minimal if no proper subgraph of G' is a restricted chordal completion of int(Q). 

The problem of perfect phylogeny is equivalent to the problem of determining 
the existence of an A-tree that display the given collection Q of partial partitions. 
In [3], it was given the following graph-theoretical characterization. 

Theorem 3. 3 25 28 Let Q be a set of partial partitions of a setX. Then there 
exists an X-tree that displays Q if and only if there exists a restricted chordal 
completion ofmt(Q). 

Of course, the A-tree in the above theorem might not be unique. For the 
problem of uniqueness, Semple and Steel |24l25j describe necessary and sufficient 
conditions for when a collection of partial partitions defines an A-tree. 

Theorem 4. 24 Let Q be a collection of partial partitions of a set X. Let T 
be a ternary phylogenetic X-tree. Then Q defines T if and only if: 
(i) T displays Q and is distinguished by Q, and 

(ii) there is a unique minimal restricted chordal completion o/int(Q). 

In order to simplify our construction, we now describe a variant of the above 
theorem that, instead, deals with the notion of chordal sandwich. 

Let Gi = (V, Ei) and G2 = (V, Eo) be two graphs on the same set of vertices 
with ExnE2 = 0. A chordal sandwich of (Gi,G 2 ) is a chordal graph G' = (V, E') 

' In this formulation, Ei are the forced edges and E2 are the forbidden edges. See |13] 
for further details on different ways of specifying the input to this problem. 



with Ei C E' and E' n £?2 = 0. A chordal sandwich G" of (G\,G2) is minimal if 
no proper subgraph of G' is a chordal sandwich of (Gi,G2). 

The cell intersection graph of Q, denoted by int*(Q), is the graph whose 
vertex set is {A | where A is a cell of it £ Q} and two vertices A, A' are adjacent 
just if the intersection of A and A' is non-empty. Let forb(Q) denote the graph 
whose vertex set is that of int*(Q) in which there is an edge between A and A' 
just if A, A' are cells of some it £ Q. 

The correspondence between the partial partition intersection graph and the 
cell intersection graph is captured by the following theorem. 

Theorem 5. Let Q be a collection of partial partitions of a set X . Then there is 
a one-to-one correspondence between the minimal restricted chordal completions 
of int(Q) and the minimal chordal sandwiches of (int*(Q), forb(Q)). 

(The proof of this theorem is presented as Sectional) 

This combined with Theorem [3] yields that there exists a phylogenetic X-tree 
that displays Q if and only if there exists a chordal sandwich of (int* ( Q) , forb ( Q) ) . 
Conversely, we can express every instance to the chordal sandwich problem as a 
corresponding instance to the problem of perfect phylogeny as follows. 

Theorem 6. Let (Gi, G2) be an instance to the chordal sandwich problem. Then 
there is a collection Q of partial splits such that there is a one-to-one correspon- 
dence between the minimal chordal sandwiches of (Gi,G2) and the minimal re- 
stricted chordal completions ofmt(Q). In particular, there exists a chordal sand- 
wich for (Gi, G2) if and only if there exists a phylogenetic tree that displays Q. 

Proof. Without loss of generality, we may assume that each connected com- 
ponent of Gi has at least three vertices. (We can safely remove any component 
with two or less vertices without changing the number of minimal chordal com- 
pletions, since every such component is already chordal.) 

As usual, Gi = (V, E x ) and G 2 = (V, E 2 ) where E x n E 2 = 0. We define the 
collection Q of partial splits (of the set E\) as follows: for every edge xy £ E 2 , 
we construct the partial split F x \F y , where F x are the edges of E\ incident to 
x, and F y are the edges of E\ incident to y. By definition, the vertex set of the 
graph int*(<2) is precisly {F v | v £ V}. Further, it can be easily seen that the 
mapping ip that, for each v £ V, maps v to F v is an isomorphism between G± and 
int*(<2). (Here, one only needs to verify that F u = F v implies u = v\ for this we 
use that each component of G\ has at least three vertices.) Moreover, forb(Q) is 
precisely {ip(x)ip(y) | xy £ E 2 } by definition. Therefore, by Theorem[5j there is a 
one-to-one correspondence between the minimal chordal sandwiches of (Gi, G2) 
are the minimal restricted chordal completions of int(Q). This proves the first 
part of the claim; the second part follows directly from Theorem [3l □ 

As an immediate corollary, we obtain the following desired characterization. 

Theorem 7. Let Q be a collection of partial partitions of a set X . Let T be a 
ternary phylogenetic X-tree. Then Q defines T if and only if: 

(i) T displays Q and is distinguished by Q, and 

(ii) there is a unique minimal chordal sandwich of I int*(Q), forb(Q) ) . 



3 Construction 



Consider an instance I to ONE-in-three-3sat. That is, I consists of n variables 
vi, . . . ,v n and m clauses C\, . . . ,C m each of which is a disjunction of exactly 
three literals (i.e., variables Vi or their negations vt). 

By standard arguments, we may assume that no variable appears twice in 
the same clause, since otherwise we can replace the instance / with an equivalent 
instance with this property. In particular, we can replace each clause of the form 
ViVViVvj by clauses ViWxWvj and ViWxMvj where x is a new variable, and replace 
each clause of the form «j V Vi V«j by clauses ViW VjW x, ViVvJVx, and UlWUf Vx 
where x is again a new variable. Note that these two transformation preserve 
the number of satisfying assignments, since in the former the new variable x has 
always the truth value of vl while in the latter x is always false in any satisfying 
assignment of this modified instance. 

In what follows, we describe a collection Qj of quartet trees arising from the 
instance /, and prove the following theorem. (We present the proof as Section[51) 

Theorem 8. There is a one-to-one correspondence between satisfying assign- 
ments of the instance I and minimal chordal sandwiches o/(int*(Q/), forb(Qj)). 

To simplify the presentation, we shall denote literals by capital letters X , Y, 
etc., and indicate their negations by X, Y, etc. (For instance, if X = Vi then 
X = Vi, and if X — v~l then X = Uj.) 

A truth assignment for the instance I is a mapping a : \y\, . . . , v n } — > {0, 1} 
where and 1 represent false and true, respectively. To simplify the notation, 
we write Vi = and Vi = 1 in place of a(vi) = and a(vi) = 1, respectively, and 
extend this notation to literals X,Y, etc., i.e., write X = and X = 1 in place 
of o~{X) = and o~(X) = 1, respectively. A truth assignment a is a satisfying 
assignment for I if in each clause Cj exactly one the three literals evalues to 
true. That is, for each clause Cj = XV Y V Z, either X = 1, Y = 0, Z = 0, or 
X = 0, Y = 1, Z = 0, or X = 0, Y = 0, Z = 1. 

For each i 6 {1 . . . n}, we let Ai denote all indices j such that i?j or vl appears 
in the clause Cj. Let Xj be the set consisting of the following elements: 

a) ct Vi , a— for each i € {1 . . . n}, 

b) Pi , (5L- for each i€{l...n} and each j £ Ai, 

c) 7i, 72, 73, A- 7 for each j E {1 . . . m}, 

d) <5 and /i. 

Consider the following collection of 2-element subsets of Xi : 




for all j € Ai 




Fig. 1. Two configurations from of the graph int*(Qj). 



c) for each j G {1 . . . m} where Cj = X V Y V Z: 



r 5 



The collection Qj of quartet trees is defined as follows: 

ie{l...n} j£{l...m} 

u U {^J4} u U { s l\ k w> s w\<}u U 

ie{l...n} ie{l...n} ie{l...n} 

j,j'eAi j,j'eAi and j'<j' jeAi and j<j'<m 

l<i'<i<n ie{l...n} 

jezii je{i...m} 

u u 



je{l...m} 

where d=X\IY\IZ 



K^\K X , Ky\Ky, K^\K Z , K^\L X , K^\L Y ,K^\L Z 
Sy\Kxi S z \K Yl S x \K Zl S Z \L X , S x \Ly, Sy\L z 



Note that in each clause Cj = XVY\/Z there is a particular type of symmetry 
between the literals X , Y , and Z . In particular, if we replace, in the above, the 
incices X, Y, Z and 1, 2, 3 as follows: X ->• Y ->• Z ->• X and 1 ->• 2 ->• 3 1, 
we obtain precisely the same definition of Q/ as the above. We shall refer to this 
as the rotational symmetry between X , Y, Z. 



4 Unique trees 

Let Tj be the tree defined as follows: (for illustration, see Figures [2] and [3]) 



v ( T i) = {yo,yi,y[,---,y n ,y'n\ u [ai,a' 1 ,...,a n ,a' n ^ U |ti ,ui,...,u m | 

u{xi,x J 2 ,x|,xix J 5 ,x J 6 ,6{,6 J 2 ,& J 3 , 5 J 1 ,^,^,^}^ i u{c^z| | j G A}™ =1 

^C 7 /) = {j/iyi,J/2j/2.---)yn2/n} U { a l2/l > a 22/ 2 > ■ • ■ } u{c?2? | j G ^i} 

ujj/Oj/1) 2/12/2, 2/22/3, • • • , J/n-lJ/n} U jwi, «llt2, ^2^3, • • • , W m _iM m , U m U | 

U| . -I m 

^ a ]- L \ , x l x 2, X 2 X 3, X 2 X 4, X 4 X 5, X 4 X 6' a l x 6' °2 X 3, °3 X 5 , 5l x 6 ' 52 x l , 53 x 3, * X 5J. j 

uja-zf , zf zf , . . . , z J i t ~ 1 zf t , zfy[ | where j\<h< ■■■< ft are elements of a} 

Let cr be a satisfying assignment for the instance /, and let <\> a be the mapping 
of Xj to V(Tj) defined as follows: 

a) for each i G {1 . . . n}: 

if = 1, then ^(a^) = a i; ^(a— ) = a-, and <j> a {^) = 4 for all j G A, 
if ^ = 0, then <j> a {a w ) = <n, (f> a (a Vi ) = a\, and CT (/3£.) = 4 for all j G A, 

b) for each j e {1 ... to} where C, ■ = X V Y V Z: 



if X = 


1, then ( 


M&) -- 




0.(4) = 




0.(4) 


= bi 








<; 
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si, 




52, 


0.(71) 


= .93, 


0.(A J ) 


— tj, 


if Y = 


1, then (; 


W) = 




m4) = 






= 4, 








<; 


M^') = 


si, 


Mii) = 


52. 


Mil) 


= 93, 


0.(A J ) 


— / ■ 

— K,j, 


\iZ = 


1, then q 


>M) = 




0.(4) = 


bi, 


M^) 


= bi, 










U4) = 


si. 


0.«) = 


52, 


Mii) 


= 53 i 




— 9 ■ 


c) MS) 


= 2/o and 




u . 















Theorem 9. If a is a satisfying assignment for I, then T a = (Tj,0.) is a 
ternary phylogenetic Xi-tree that displays Qi and is distinguished by Qj. 

Proof. Let cr be a satisfying assignment for /, i.e., for each clause Cj = XVYVZ, 
either X = 1, Y = Z = 0, or Y = 1, X = Z = 0, or Z ' = 1, X = Y = 0. For each 
i G {1. . .n},let A = {a l ,a' l ,y' l , zf ,.. ., zf ,cf cf } where A = {A, • • • 
and for each j G {1 . . . m}, let ^ = {ar}, xi,, x^, x{, x^x^, g{,g J 2 , 6j, V 2 , b 3 ^ 9 j }. 





Fig. 3. a) the subtree Ai for the variable Vi, b) the subtree Bj for the clause Cj, 
c) the subtree for C 3 ■ = X V Y V Z and assignment a(X) = 1, er(T) = er(Z) = 

It is not difficult to see that <p a defines a bijection between the elements 
of Xj and the leaves of Tj. For instance, for each i G {1 . . .n}, we note that 
{4>{a Vi ), 4>(ay-)} — {at, a-}, and for each j G either (f> a ((3l.) — cj and 

<M/^) G {ViAAh OT M$r) = cj and e {6j,^ 2 ,6|}. Also, for each 

j G {1. . .m}, we have <^(A J ') = and {^(7i), <MT2)> ^(73)} = {^fi^}- 
Further, it can be readily verified that 7/ is a ternary tree. Thus, 7^ = (Tj, <j> a ) 
is indeed a ternary phylogenetic Aj-tree. First, we show that it displays Qj. 

Consider A^B for i G {I . . .n). Recall that Ai — {a Vi ,a.yr}, B — {S,/i}, and 
that {<j> a (a Vl ),<p a (a—)} = {a l ,a' i }. Also, = 2/0 and = u o- Observe 

that fti, a- G A- Hence, both ai, a- are in one connected component of Tj — yiy\ 
whereas yo,Uo are in another component. Thus, T a indeed displays AAB. 

Next, consider D p \B for j G {1 . . . m} and p G {1 . . . 3}. Recall that = 
{-#,A'}, and </> CT ( 7 £) G Bj, M^) G Bj- Also, B - {,5,^} and ^(J) = </ , 
0<t(m) = M o- Thus both (paill), <j>a{^ 3 ) are m one component of Tj — Ujzj 
whereas yo,Mo are in another component. This shows that T„ displays D p \B. 

Now, we look at S 3 Vi \SL- where i G {l...n} and j,j' G Ai. Recall that 
= j ^ } ano - = /^w - }- By symmetry, we may assume that Vi = 1. 
Then (f)^(a Vi ) = ai, 4> a (a— ) = a[, <j)a{P 3 Vi ) G Sj, and = . Let j t denote 

the largest element in Then, both a-,c^ are in one component of 7> — y^f* 
whereas Oi and (j)a{P 3 Vi ) are in a different component. Thus, 7^- displays S 3 V . \SL-. 

Next, consider S Vi \KL- and S^AT-j. for i G {l...n} and G Z\i where 
j < /. Recall that C {/3^, 7 f n ( , 7 f , A-?'}, tf£ C {/3£, 7 f , 7 |', 7 f , A''}, 
S^. = {a Vi ,^.} and SiL = {c%-, Again, by symmetry, we assume Vi = 1. 
So, ^(cv) = au 4><j{otv-) = o-, <t> a {^) = 4> <M#sr) = ^ ' faWli) e % and 
{^(^),0 CT ( 7 f ),0 <J ( 7 ^' ( 7 |'),0<x(AJ' )} CBj-,. Let ji <.?2 < ■•■ < jt be the 
elements of Z\^. Since j € Ai, let fc be such that j = jfc. We conclude fc < t, since 



j < j' and j' G Zlj. Thus, the elements of (/) tT (5'^-) and 4> a (K 3 .), respectively are 
in different components of Tj — z 3 i k z J i k+1 . Further, observe that 4> a (K^-) C By, 
and since j ^ j', the elements of (/> CT (<S^. ) and <j) a (KL-) are in different components 
of Tj — Uj'xj . This proves that To- displays both S 3 V .\KL- and S^-|-K^.. 

Now, consider K^-\F 3 and A^. I-A 7 for i G {1 . . . n} and j < j' where j G Z\i. 
Again, recall that C <yj , ^, A*}, X* C {^-, ^, 4, ^, A 3 }, and that 
F 7 ' = {A J ', ju}. So, U ^(-^i) C AUBj whereas 4> a {F 3 ') C % U {u }. 

Since j < j' < m, we conclude that 4» a (KL-) U ^> a (K 3 .) and (f> a (F 3 ) are in 
different components of Tj — Ujtty+i. Thus 7^- displays both K^-\F 3 and K 3 Vi \F 3 . 

Next, we consider F„ ( , , H—\S 3 Vz , |S^., and H—\SL- for 1 < i' < i < n 
and j G Recall that H v ., = {a v .,,S}, Hy-f — {0-5-7, 5}, S 3 V . — {a Vi ,Pi.}, and 

= $y . So, ^ (54 ) U (f)(j (Sgj.) CAU B,- whereas ff (/J„., ) U CT (1%) C 
A' U {5}. Thus, since i' < i < n, we conclude that (/v(S^ ) U ^aiS^-) and 
</v ) U i/v {Flv-i) are in different components of Tj — yi'Ui'+i . This proves that 
7^- displays all the four quartet trees H v _, \S 3 ., , iA,., and iT^IS"^-. 

Similarly, we consider Hy-\F 3 and IF- 7 for i G {f . . . n} and j £ {1... m}. 
Recall that Jf v< = {a Vi ,S}, H— = {a— , <5}, and F J = {A- 7 , fi}. Hence, it follows 
that {(j) a (H— )U(f> a (H Vi )} C AU{i5} and <\> a (F 3 ) C SjU{/i}. Thus, we conclude 
that <j}<j(H—) U <j)<j(H Vi ) and (j) a {F 3 ) are in different components of Tj — y„ui. 
This proves that T a displays both Hy-\F 3 and H Vi \F j . 

Finally, we consider the clause Cj = X V Y V Z for j G {1 . . .m}. Since 
a is a satisfying assignment, and by the rotational symmetry between X, Y , 
and Z, we may assume that X = 1, Y = 0, and Z = 0. Let ijf be the in- 
dex such that X = Vi x 01 X = Vi x , let zy be such that Y = Vi Y or Y — 
Vi Y , and let i'z be such that Z = Vi z or Z = Vi z . Note that ix, *y, iz 
are all distinct, since we assume that no variable appears more than once in 
each clause. Thus we have that <p a {(3 x ) = b\, (f> a ((3L.) = b 3 2 , cf> a (f3L) = b J 3 , 

Mil) = 9l = A, Mli) = d> and M>f)=tj- (See Figure Et.) 

Also, {(j> a (a x ),(t)a(a-x),<j) a {(3^)} C A ix , {^(a y ), ^(ay), ^<t(/8^)} C A^, and 
{4 , v{ a z),<Pa{oi- z -),4 l c r {fi :1 z)} — Ai z - First, consider if^|i4r^ and F^L|L^-. Recall 
that = {(3 x ,j{}, K x = {pL,^}, and L x = {/3L n (}. Also, recall that 
G A x - Thus it follows that (j)<j(K x ) U <\>o(F? x ) and CT (F^) are in dif- 
ferent components of Tj — x^Xg. Now, consider and KL\Ly. Recall that 
KL = {4,7^'}, = {^, A- 7 }, and L J Y = 7^} where CT (/?(.) G Ay - Thus, 
(/> (T (ify)U(^ cr (Ly) and ^(Jtp-) are in different components of Tj — xjx^. Similarly, 
consider KL\K 3 Z and Ai|i J z . Recall that if| = {/3^,7^}, A^ = {^,A 3 '}, and 
L z = {P&Ti} where ^(^) G A iz . Thus, ^(A^) U CT (A J Z ) and <MA|) are in 
different components of Tj — x^x^. Now, consider S'yfA^ and Sy\L 3 z . Recall that 
S Y = {ay,/3 y }, Aj, = {(3^r, A- 7 } and l/ z = {^, 7l }- Also, {^(ay),^(4)} C 
Ai Y whereas 4> a (f3 x ) G Ai x . Thus, since ix 7^ iy, we conclude that 



and 4> a {K x ) U <p a (L z ) are in different components of Tj — yi Y y[ Y - Similarly, 
we consider S Z \K Y and S j z \L j x . Recall that S z = {a z ,/3 z }, K J Y = {^,X j }, 
and L x = {@L,4}- Also, {^(az),^)} C A z , and </v(/3^) G A x - Thus, 
since 7^ *z, we conclude that ^(iS 1 ^) and 4> a (K Y ) U 4> a (L x ) are in different 
components of 7/ — Vi z y' iz - Finally, consider S J X \K Z and S^Ly. Recall that 
4 = {a*,/^}, n = and 4 = {^,4} where «^(a x ) £ A*- 

Thus, c/) rT (S x ) and 4> a (K z ) are in different components of Tj — x J 4 x 3 5 , whereas 
4> a {S x ) and 4>„{L Y ) are in different components of Tj — x^x^. 

This proves that 7^ displays Q/. It remains to prove that T a is distinguished 
by Qi. First, consider the edge y^y- for % G {1 . . . n}. Recall that Aj = {a^ , a^-} 
and -B = {<5, /z}. By definition, we have </> CT (Aj) = {aj,a^} and 4> a {B) = {yo,uo}- 
Note that every connected subgraph of Tj that contains both yo arL d uo must 
also contain j/j, since it lies on the path between uq and yo in T/. Likewise, 
every connected subgraph of Tj that contains ai,a[ also contains y[. Thus, this 
shows that the edge yiy[ is distinguished by Ai\B which is in Qj. We similarly 
consider the edge Ujx\ for j G {1 . . . m}. By the definition of <j) a , we observe 
that there exists p £ {1, 2, 3} such that 4>a{l 3 p ) — gi- We recall that B = {<5, /x} 
and Dl = {7^}. Thus, <f> a (B) = {y ,u } and = Since is 

adjacent to arj, and ttj lies on the path between yo and uq, it follows that the 
edge Ujx\ is distinguished by D J p \B which is in Qj. 

Now, consider i G {l...n}, and let ji < J2 < •■• < jt be the elements 
of A;. Let S {vi,Ui} be such that W = 1. Then we have ^(cw) = aj, 
M^W 7 ) = a i> and = 4 for a11 J £ ^- Recall that Sy = {a w ,(3L.} 

and ^ C {^,4,4,4, X} where {^( 7l ), ^(tI), M4), M* 3 )} Q Bj 6» 
all j £ Ai. Thus, for each k £ {1 . . .t — 1}, it follows that ff (/3^) is adjacent to 
z^ fc whereas </> CT (/3^1 +1 ) is adjacent to This proves that the edge zf k z 3k+1 

is distinguished by Sy\K w +1 . Similarly, recall that S 3 W — {aw , P w } where 
<j> a {P w ) £ Bj and CT (aw) is adjacent to y\. Thus, the edge z\ t y\ is distinguished 
by 5^|S!£l. Further, if i > 2, then we recall that = {0,^;^} where 

^(a^^J e A-i and </> CT (5) = yo- Thus yi-iyi is distinguished by H Vi _AS w . 

Now, consider j G {1, . . . to} where Cj = X VYVZ. By the rotational symme- 
try, we may assume that X — 1 and Y = Z = 0. Thus (f) a ((3 x ) — b{, <j) a ((3-L) = b 3 2 , 

CT (/%) = b J 3 , <j) a {i{) = g{, <Pa{ii) = gi, ^(73) = fli and ^(A J ') = Ij. 

(Again see Figure [3}:.) Recall that K Y = {/3^, A J } and = {/3yi72} where 
4>ct{0y) $ Bj. This shows that the edge x\x\ is distinguished by KL\K Y . Recall 
that S x = {a x ,/3 x }, L Y = {^,4}, and K z = where 4> a {ax) t B r 

Thus, the edge distiguished by S J X \L J Y whereas the edge x^x^ is dis- 

tinguished by S X \K Z . Recall that K^L = {f3 z ,4} and L J Z = {(3^, 7 f} where 
(j)a(Pz) £ Bj. Thus, the edge distinguished by KL\L J Z . Recall that 



K j x = {pL, A J '} and kL- = {P x ,l{} where (j>aW x ) & Bj. Thus, the edge x\x{ is 
distinguished by KLr\K x . Further, if j < m, recall that F' J+1 = {A J+1 ,/i} where 

<j> a {\ 3+1 ) £ Bj+i and <j) a (n) = uq. Thus UjUj +1 is distinguished by K X \F 3+1 . 

Finally, recall that H Vn — {a Vn ,5} and F 1 = {A 1 ,^}. So, (j) a (H Vn ) C A n U 
{t/o} and ^(F 1 ) C £>.,■ U {w }. Thus, the edge y n ui is distinguished by H Vn \F l . 

This concludes the proof. □ 



5 Proof of Theorem [5] 

To prove Theorem [5j we need to introduce some additional tools. The following 
is a standard property of minimal chordal completions. 

Lemma 1. Let G be a chordal completion of G. Then G' is a minimal chordal 
completion of G if and only if for all uv £ E(G') \ E(G), the vertices u,v have 
at least two non-adjacent common neighbours in G' . 

Proof. Suppose that G' is a minimal chordal completion. Let uv £ E(G')\E(G), 
and let G" = G' — uv. Since G 1 is a minimal chordal completion and uv £ E(G), 
we conclude that G" is not chordal. Thus, there exists a set G C V(G') that 
induces a cycle in G" . Since G' is chordal, C does not induce a cycle in G'. This 
implies u,v £ C, and hence, uv is the unique chord of G'[C]. So, we conclude 
\C\ = 4, because otherwise G'[C] contains an induced cycle. Let x, y be the 
two vertices of C \ {u,v}. Clearly, xy ^ E(G') and both x and y are common 
neighbours of u, v as required. 

Conversely, suppose that G' is not a minimal chordal completion. Then by 
[23] . there exists an edge uv £ E(G')\E(G) such that G' — uv is a chordal graph. 
Therefore, it, v do not have non-adjacent common neighbours x,y in G , since 
otherwise {u, x, v, y} induces a 4-cycle in G' — uv, which is impossible since we 
assume that G' — uv is chordal. That concludes the proof. □ 

Using this tool, we prove the following two important lemmas. 

Lemma 2. Let G be a graph and G' be a minimal chordal completion of G. If 
G contains vertices u,v with Nq(u) C Ng(v), then also Ng>(u) C Nc(v). 

Proof. Let u, v be vertices of G with N G (u) C N(G V ). Let B = N G , (u)\N G >(v) 
and A = N G '{u) CiNg'(v) . Assume that 5^0, and let A\ denote the vertices of 
A with at least one neighbour in B. Look at the graph G\ = G'[Ai UBU {«}]• 

By the definition of A\ and B, the vertex v is adjacent to each vertex of A\ 
and non-adjacent to each vertex of B. Hence, no vertex of A\ is simplicial in Gi, 
since it is adjacent to v and at least one vertex in B. 

Now, consider w £ B. By the definition of B, we have that w is adjacent 
in G' to u but not v. Thus, uw is not an edge of G, since N G (u) C N G (v) and 
Ng(v) C Ng'(v). So, by LemmaU the vertices u,w have non-adjacent common 
neighbours x, y in G'. Since x, ?/ are adjacent to u, we have x, y £ A U -B. In fact, 



since w has no neighbours in A\A±, we conclude x, y £ A\ U B. Thus, w is not 
a simplicial vertex in G\ , and hence, no vertex of B is simplicial in G\ . 

This proves that no vertex of G\, except possibly for v, is simplicial in G\. 
Also, G\ is not a complete graph, since B ^ 0, and v has no neighbour in 
B. Recall that Gi is chordal because G' is. Thus, by the result of Dirac (8 , Gi 
must contain at least two non-adjacent simplicial vertices, but that is impossible. 
Hence, we must conclude B = 0. In other words, Ng<{u) C Ng<{v). □ 

Lemma 3. Let G be a graph, and let H be a graph obtained from G by substi- 
tuting complete graphs for the vertices of G. Then there is a one-to-one corre- 
spondence between minimal chordal completions of G and H. 

Proof. Let Vx,vs,. ■ ■ ,v n be the vertices of G. Since H is obtained from G by 
substituting complete graphs, there is a partition G\ U . . . U C n of V(H) where 
each Ci induces a complete graph in H, and for every distinct i,j 6 {1.. .n): 

(*) each x e Ci, y e Cj satisfy ViVj £ E(G) if and only if xy £ E(H). 

Let G' be any graph with vertex set V(G), and let H' = \P(G') be the graph 
constructed from G' by, for each i £ {1 . . . n}, substituting Ci for the vertex Vi, 
and making Ci into a complete graph. Thus, for every distinct i, j £ {1 . . . n} 

each x £ d, y £ Cj satisfy v t v £ E(G') if and only if xy £ E(H'). 

We prove that is a bijection between the minimal chordal completions of 
G and H which will yield the claim of the lemma. 

Let G' be a minimal chordal completion of G, and let H' = \P(G'). Clearly, H' 
is chordal, since G' is chordal, and chordal graphs are closed under the operation 
of substituting a complete graph for a vertex. Also, observe that V(H) = V(H'), 
and if xy £ E(H), then either x,y £ Ci for some i £ {1 . . . n}, in which case 
xy £ E(H'), since Ci induces a complete graph in H', or we have x £ Gi, 
y £ Cj for distinct i,j £ {l...n} in which case i>iVj £ E(G) by (*) implying 
UiUj £ E(G'), since £(G) C E(G'), and hence, icy £ -E(-ff') by (**). This proves 
that E(H) C E(H'), and thus, i?' is a chordal completion of i?. 

To prove that H' is a minimal chordal completion of H, it suffices, by 
Lemma U to show that for all xy £ E(H') \ E(H), the vertices x,y have at 
least two non-adjacent common neighbours in H' . Consider xy £ E(H')\E(H), 
and let i,j £ {1 . . . n} be such that x £ G,; and y £ Cj. Since £ -E(-ff) and 
Ci induces a complete graph in H, we conclude i ^ j. Thus, by (**), we have 
ViVj £ E(G'), and so, u,^ £ E(G') \ E(G) by (*). Now, recall that G' is a 
minimal chordal completion of G. Thus, by Lemma [T] the vertices Vi, Vj have 
non-adjacent common neighbours Vk, V/> in G'. So, we let w £ Ck and z £ Cg. By 
(★*), we conclude wz $ E(H'), since w^Wf E(G'). Moreover, (**) also implies 
that z,w are common neighbours of x,y, since Wfe, vg are common neighbours 
of Vi, Vj. This proves that x,y have non-adjacent common neighbours, and thus 
shows that H' is a minimal chordal completion of H . 

Conversely, let H' be a minimal chordal completion of H . Let G' be the graph 
with V(G') = V(G) such that UiUj £ E(G') if and only if there exists x £ d, 



y G Cj with xy G E(H'). Let i G {1 . . .n} and consider vertices x, y G G in 
the graph if. Recall that Cj induces a complete graph in H. This implies that 
xy G E(H) and both x and y are adjacent in H to every z £ C,\ {x, y}. Further, 
by (*), if z G Cj where j 7^ i, then x, y are both adjacent to z if ViVj G E(G), and 
x, y are both non-adjacent to z if Ujiij E(G). This shows that Nh(x) — Njj(y), 
and hence, iV#/ (x) = Njj> (y) by Lemma [5] and the fact that H' is a minimal 
chordal completion of H. This proves that H' — &(&), and hence, C is chordal. 
In fact, E(G) C E(G') by (*) and (**). Thus C is a chordal completion of G. 

It remains to show that G' is a minimal chordal completion of G. Again, it 
suffices to show that for each v^j G E(G') \ E(G), the vertices Uj, Vj have non- 
adjacent common neighbours in G' . Consider v^j G E(G')\E(G), and let x G C, 
and y G C 3 . So, i 7^ j and xy G E(if') by (**). Further, xy G E(H')\E(H) by (*) 
and the fact that ViVj $ E(G). So, the vertices x,y have non-adjacent common 
neighbours w,z in H' by Lemma [5] and the fact that H' is a minimal chordal 
completion of H. Let k,£ G {l...n} be such that w € Ck and 2 G C^. Since 
xz G E(H') but to g" E(H'), we conclude by (**) that i ^ k. By symmetry, 
also i ^ £, j ^ k, and j 7^ £. Further, k ^ £, since wx ^ E(H') and C& induces a 
complete graph in if'. Thus, implies that Vk, Vg. are non- adjacent common 
neighbours of u,, v^, since 2 are non-adjacent common neighbours of x, y. This 
proves that G' is indeed a minimal chordal completion of G. 

That concludes the proof. □ 

Now, we are finally ready to prove Theorem [5J 

Proof of Theorem [5l We observe that the graph int(Q) is obtained by sub- 
stituting complete graphs for the vertices of int*(Q). Thus, by Lemma El there 
is a bijection if - between the minimal chordal completions of int(Q) and int*(Q). 

By translating the condition (**) from the proof of Lemma [3J we obtain that 
if G' is a minimal chordal completion of int*(Q), then H' = >P(G') is the graph 
whose vertex set is that of int(Q) with the property that for all A, A' G V(G') 

(irk) all meaningful tt, tt' G Q satisfy AA' G V(G') (A, tt)(A',tt') G V(H'). 

We show that ^ is a bijection between the minimal restricted chordal com- 
pletions of int(Q) and the minimal chordal sandwiches of (int*(<2), forb(Q)). 

First, let H' be a minimal restricted chordal completion of int(Q). Then G' = 
'E^ 1 (H') is a minimal chordal completion of int*(Q). Consider two cells A\,Ai 
of 7r G Q. Since H' is a restricted chordal completion of int(Q), we have that 
(Ax,tt) is not adjacent to (A 2 ,ir) in H' . Thus, A%A 2 & E(G') by (**). This shows 
that C contains no edge of forb(Q). Thus C is a minimal chordal sandwich of 
(int*(Q), forb(Q)), since it is also a minimal chordal completion of int*(Q). 

Conversely, let G' be a minimal chordal sandwich of (int*(Q), forb(Q)). Then 
H' = \P(G') is a minimal chordal completion of int(Q). Consider two cells Ai,A 2 
of tt G Q. Since A\A 2 is an edge of forb(Q), and C is a minimal chordal sandwich 
of (int*(Q),forb(Q)), we have A X A 2 £ E(G'). Thus, (A u tt)(A 2 , tt) ^ E(H') by 
(**). This shows that H' is a minimal restricted chordal completion of int(Q). 

That concludes the proof. □ 



6 Proof of Theorem [5] 



For the proof, we shall need the following simple properties of chordal graphs. 

Lemma 4. Let G be a chordal graph, and let a, b be non-adjacent vertices of G. 
Then every two common neighbours of a and b are adjacent. 

Lemma 5. Let G be a chordal graph, and C = {a,b,c,d,e} be a 5-cycle in G 
with edges ab, be, cd, de, ae. Then 

(a) bd,ce ^ E{G) implies ac,ad G E(G), and 

(b) bd, be ^ E(G) implies ac G E(G). 

Lemma 6. Let G be a chordal graph, and C = {a, b, c, d, e, /} be a 6-cycle in G 
with edges ab, be, cd, de, ef, af . Then 

(a) bd,ce,df ^ E(G) implies ac,ad,ae G E(G), 

(b) bd,ce,cf G" E(G) implies ac,ad G E(G), and 

(c) be,bf,ce,cf E{G) implies ad G E{G). 

To assist the reader in following the subsequent arguments, we list here the 
cliques of int*(Qj) according to the elements from which they arise: 

a) for each i G {1 . . .n} where j\,ji, ■ ■ ■ ,jk arc the elements of Af. 

n ■ TJ A- 0i 02 cjt n . tj_ A . qh qh ait 

b) for each j G {1 . . . m} where C^lVfVZ: 
A-': l\ x . Af. K'y. D{, IK. I)!.. /• 

4: A;;. 4, D{ 4: K 3 —, l. x . D{ ^ /,( . IK 

J x--S{,K^ 4= 4, -4 4=4-4 

4: 4, A' \ . Li (3 3 -. 4, L 3 Y p 3 -. ,S_. A^, 4 

c) 5: B, H Vl , . . . , H Vn , H^, . . . , 
fi: B, F 1 , F m 

We start with a useful lemma describing an important property of int*(Q/). 

Lemma 7. LetG' be a chordal sandwich of (int*(Qj), forb(Q/)), and! <i<n. 

(a) there is W G {vi,vt\ such that for all j G A\, K 3 W is adjacent to B . 

(b) for each j G Ai, and each W G {vi,Ui}, if Kw is adjacent to B, then the 
vertices Syy, K 3 W , L J W (if exists) are adjacent to B, Ai, H\y, E[j^, F 3 . 

Proof. Let i G {1 . . . n}. First, we observe the following. 

(*) for each j G A i; each W G {vi, ui}, at least one of S^-, K° w is adjacent to B. 

We may assume that S2— is not adjacent to B, otherwise we are done. Observe 
that SL^ is adjacent to K 3 W , since f3L^ G K° w n S^-. Moreover, there exists 
p G {1, 2, 3} such that K 3 w ^D 3 p contains X 3 or j p , implying that K 3 W is adjacent 
to D j p . Also, F j is adjacent to D p and B, since X> G D 3 p n F 3 and fi e B (1 F j , 



respectively. Further, Hyy is adjacent to and B, since otyj £ Hjy n and 
5 £ fl B. Finally, Hyy is not adjacent to F 3 , and _B is not adjacent to D 3 p , 
since if^|F J and -D^|-B are in Qj. So, by Lemma [6] applied to the cycle {K w , 
S^, Hyy, B, F 3 , D p }, we conclude that K w is adjacent to B. This proves (*). 

Now, to prove (a), suppose for contradiction that there are j,j' £ Ai such 
that both KL- and K 3 Vi are not adjacent to B. Then by (★), both S% and S^- are 
adjacent to B. Note also that Ai is adjacent to both Si. , SL^ since a Vi £ Aid Si . 
and a— G Aj n S 1 ^-. Further, note that AiB and S^S^L are not edges of G", since 
and Si.\S^- are in <2/. But then G' contains an induced 4-cycle on {Si , 
Ai, S^r, B}, which is impossible, since G' is chordal. This proves (a). 

For (b), suppose that K w is adjacent to B for j £ Ai and W £ {vi,Vi}. 
First observe that K 3 W is adjacent to S^, and the vertex KL^ is adjacent to S w , 
since £ K° w n S^ and 6 KL-CiS^. Moreover, there exists p £ {1, 2, 3} 
such that K 3 W n -D^ and i-T^ fl D£ contain 7^ and A J , respectively, or X 3 and 
7|, respectively. This implies that K w and are adjacent to D 3 p . Also, Ai is 
adjacent to and S^, since aw G Ai n and appr £ Ai fl S^. Further, note 
that D p B, A t B, K° W K° W , and S 3 W S 3 W are not edges of G' , since D p \B, AAB, 
K W \KL^, and are in Qj. This implies that if^L- is not adjacent to B, 

since otherwise G' contains an induced 4-cycle on {K w , B 7 K^, D p }. So, by 
(★), we have that S 3 W is adjacent to B. Thus, Lemma [S] applied to {K w , S^, 
Ai, S w , B} yields that K 3 W is adjacent to Ai and S ] w . So, by Lemma 2] applied 
to {S w , K 3 Wl D p , KL-\, we have that S 3 W is adjacent to D p . 

Now, observe that Hw, Hyj are adjacent to both Ai and B, since % £ 
Hw H Ai, G lifjy fl and 5 £ B n i?v^ H if|^. Thus, by Lemma |4] applied 
to {w, Ai, u', £>} where u £ {S w , K 3 W } and u' £ {Hw, H\y} > we conc hide that 
S 3 W and K 3 W are adjacent to both Hw and Similarly, we observe that F 3 
is adjacent to B and -D^, since n £ F 3 D B and A 3 G D 3 p fl F 3 . Thus, Lemma |4] 
applied to {u, B, F 3 , D 3 p { yields that S w and K 3 W are also adjacent to F 3 . 

Lastly, suppose that L 3 W exists. Then there exists q £ {1,2,3} such that 
7^ £ D 3 q r\L 3 w implying that LP W is adjacent to D J q . Moreover, F 3 is adjacent to 
D\ and B, since X 3 £ D 3 q n F 3 and fi£F 3 r\B. Also, is adjacent to B, 
and the vertex S^ is adjacent to L 3 W , since i 6 Bfl iifpp, a^r £ n and 
/3|_ g S^nL^- Further, HyjF 3 and F^F are not edges of G', since i%|B J and 
D 3 q \B are in Q/. Also, S^B is not an edge of G', since otherwise G' contains 
an induced 4-cycle on {S w , F, S^, Ai}. Thus, by Lemma [5] applied to {L 3 W , 
fZ^r, F, F J , F^}, we conclude that L 3 W is adjacent to H^, F, and F- 7 . 
Moreover, by Lemma [5] applied to {L J W , F, S w , Ai, S^A, we conclude that L 3 W 



is adjacent to Ai. Finally, recall that H\y is adjacent to both Ai and B. Thus, 
Lemma H] applied to {L 3 W , Ai, Hw, B} yields that L 3 W is also adjacent to Hw 
That concludes the proof. □ 




Let a be a truth assignment for the instance /. Recall that, for simplicity, 
we write X = and X = 1 in place of a(X) = and <j(X) = 1, respectively. 

To facilitate the arguments in the proof, we introduce a naming convention for 
the vertices in int*(<2/) similar to that of [2j- The vertices S w for all meaningful 
choices of j and W are called shoulders. For a fixed j, we call them shoulders 
of the clause Cj, and for a fixed W, we call them shoulders of the literal W. A 
shoulder is a a true shoulder if W = 1. Otherwise, it is a false shoulder. The 
vertices K w , L J W for all meaningful choices of j and W arc called knees. For a 
fixed j, we call them knees of the clause Cj, and for a fixed W, we call them 
knees of the literal W. A knee is a true knee if W ~ 1. Otherwise, it is a /afee 
fenee. The vertices Ai, D^ p , Hw, F 3 for all meaningful choices of indices are called 
A-vertices, D '-vertices, H -vertices, and F -vertices, respectively. 

Let G a be the graph constructed from int*(Q/) by performing the following: 

(i) make B adjacent to all true knees and true shoulders 

Let G' a be the graph constructed from G a by performing the following steps: 

(ii) make {true knees, true shoulders} into a complete graph 

(iii) for all i £ {1 . . . n}, make A; adjacent to all true knees of the literals Vi,ni, 

(iv) for all 1 < %' < i < n, make H Vi , Hy- adjacent to all true knees and true 
shoulders of the literals iv , iv" 

(v) for all 1 < j < j' < m, make F J adjacent to all true knees and true 
shoulders of the clause Cj> , 

(vi) for all 1 < i < n and all j,j' € Ai such that j < j': 

a) if Vi = 1, make SL- adjacent to K J V . , L J V . (if exists) 

b) if Vi — 0, make S^. adjacent to K^L, L-L- (if exists) 



Finally, let G* be constructed from G'^ by adding the following edges. 

(vii) for all j £ {l...m} where Cj = X VY V Z: 

a) if X = 1, then add edges FW Z , K 3 x L° Zl K 3 y K 3 -, D 3 2 K^, D 3 2 SL, D 3 3 SL 
and make {D[, D 2 , D 3 3 , S x , S^L, L z , K Y } into a complete graph 

b) if Y = 1, then add edges F 3 L j x , K Y L X , K z kL-, DiK^, D 3 3 S^, D[S^ 
and make {D\, D 2 , D 3 , S Y , S^, L x , K z } into a complete graph 

c) if Z = 1, then add edges F j L Y , K Z L Y , K J x KL y D{K 3 Y1 D{S 3 -, D 3 2 S 3 - 
and make {D-[, D 2 , D 3 , S 3 Z , S~ L Y , K x } into a complete graph 

Lemma 8. G' a is a subgraph of every chordal sandwich of {G a , forb(Q/)). 

Proof. Let G" be a chordal sandwich of (G CT , forb(Q/)). We prove the claim by 
showing that G' contains all edges defined in (|Irj)-([vT|). 

For (JTTJ) , let us consider true shoulders S 3 Wl S 3 W , and true knees K w , K 3 W , and 
L 3 W , L 3 W , (if they exist). We allow that W is possibly equal to W and possibly 
j = j'. First, we observe that, by (O, the true knees K 3 W and K 3 W , are adjacent 
to B. Therefore, by LemmaEl the vertices S w , K w , L 3 W are adjacent to Hw and 
F 3 , whereas S w ,, K w ,, L 3 W , are adjacent to Hw' and F 3 . Also, Hw is adjacent 
to Hw' and F 3 is adjacent to F 3 , since 5 G Hw H Hw and fi G F 3 ' n F 3 , re- 
spectively. Further, HwF 3 , HwF 3 , Hw'F 3 , Hw'F 3 are not edges of G', since 
H w \F j , H W \F 3 \ H W ,\F 3 \ Hw\F 3 ' are in Qj. Thus, if j = f and W is equal 
to W, then, by Lemma 0] applied to cycles {u,Hw,u',F 3 } where u, u' G {S^y, 

4. L w> L w>}> we conclude that {S 3 W , S 3 W ,, K 3 W , K 3 W ,, L 3 W , L 3 W ,} 

forms a complete graph in G' . If j ^ j' and t-F is not equal to W, we reach the 
same conclusion by Lemma |5] applied to the cycles {u, Hw , Hw> ,u' , F 3 ,F 3 }. 
Otherwise, we obtain the conclusion by applying Lemma [5] either to cycles 
{u, Hw, u', F 3 ,F 3 } or cycles {u, F 3 , u', Hw>, Hw}- This proves §u§. 

For (fur)) , consider the vertex Ai for i G {l...n}. Let VF G be such 

that W = 1. Then, for each j £ Ai, the vertex is adjacent to -B by (0). Thus, 
by Lemma El both K 3 W and (if exists) are adjacent to Ai. This proves (fm|) . 

For (p-yjl. we consider 1 < i' < i < n. Let W G be such that W = 1. 

Then, for all j G Z\i', the vertex K w , is adjacent to B by ijjj, and hence, the 
vertices S 3 W ,, K° w , and L 3 W , (if exists) are adjacent by Lemma [7] to H V l , H—. 
In other words, the vertices H V ll H— are adjacent to all true knees and true 
shoulders of the literals vy , W. Thus, we may assume that i' < i. Now, the vertex 
H v ., is adjacent to H Vi ,Hy- : since S G H Vi nHy-nH v .,. Let W G {vi,vl} be such 
that W — 1. Then K° w is adjacent to B by 0, and hence, S 1 ^ is adjacent to 
H Vi , Hy- by Lemma [7J Also, S w is adjacent to all true knees and true shoulders 
of the literals v^, vf, by (ju]). Further, the vertex S w is not adjacent to H v ., , 
since is in Q/. Thus, by Lemma |H both H Vi and are adjacent to 

all true knees and true shoulders of the literals v v , vf. This proves (fiv|) . 



For (jvj), consider 1 < j < j' < m. Again, we observe that if K 3 W is a true 
knee, then K 3 W is adjacent to B by and hence, S J W , K 3 W , and L ] w (if exists) 
are adjacent to F 3 by Lemma [JJ In other words, the vertex F 3 is adjacent to all 
true knees and true shoulders of the clause Cy. So, we may assume that j < j'. 
Now, let K 3 W be any true knee of the clause Cj. Then K J W is adjacent to B, 
and hence, to F 3 by and Lemma [7J respectively. Also, K 3 W is adjacent to 
all true shoulders and true knees of Cy by ([n]). Further, F 3 is adjacent to F 3 , 
since /i £ F 3 ' (1 A J , and the vertex A;^ is not adjacent to A J , since K 3 W \F 3 is 
in Qi. Thus, by Lemma 21 the vertex F 3 is adjacent to all true knees and true 
shoulders of the clause Cj> . This proves (jvj) . 

For (jvlj), let i £ {1 ... n} and consider j, j' £ Zij with j < j' . Let VF £ {wj, W} 
be such that W — 1. Observe that A;^ is adjacent to SA^, since £ ^fl^. 

If L 3 W exists, also L J W is adjacent to SA^, since then /?A_ £ S^flA^. Thus, we may 

assume that j < j'. Now, SA^ is adjacent to and A^, since ctyy £ <S^n SAp, 

and /3A. £ SAt fl A;A. Also, and (if exists) are adjacent to K^ w by jlij. 

Further, S^K 3 W is not an edge of G', since S^\K 3 W is in Q/. Thus, by LemmalU 

the vertices A^, L 3 W (if exists) are adjacent to SA^. This proves (|vi|) . 

The proof is now complete. □ 



Lemma 9. 7/cr is a satisfying assignment for I , then G* is a subgraph of every 
chordal sandwich of (G CT , forb(Q/)). 

Proof. Let G' be a chordal sandwich of (G CT , forb(Q/)), and assume that a is 
a satisfying assignment for A That is, in each clause Cj = X V Y V Z , either 
X = 1, Y = Z = 0, or Y = 1, X = Z = 0, or Z = 1, X = Y = 0. 

By Lemma [51 the graph G' contain all edges defined in (fuf- fyi)) . Thus it 
remains to prove that it also contains the edges defined in (|vii[) . 

Consider j £ {1 . . . m} where Cj — X V Y V Z. By the rotational symmetry 
between X, Y, and Z, we may assume that X = 1, Y = 0, and Z = 0. Observe 
that A^ is adjacent to K x and L z> since A 3 £ A^ n K x and /3A £ K z fl L^. 

Further, AAis adjacent to L J Z and S^, since "/{ £ L^n^ and (3 X £ AAnS^. 
By ([n]), also K x is adjacent to S x . Moreover, S X K Z and K x AA are not edges of 
G', since 5- | K 3 Z , K J X \KL. are in <2/. Thus, by Lemma [5] applied to the cycle {L z , 
K z , K J X , S x , AA}, we conclude that L z is adjacent to S° x and K x . Now, observe 
that Ly is adjacent to K Y and AA, since /?A e L y n Ay and 73 £ L y n AA. 
Recall that K z is adjacent to V z and also to K Y , since A J £ A^flAy. Moreover, 
S 3 X is adjacent to AA and L 3 Z by Jul and the above. Further, AAL^, S x L y , 
S x K j z are not edges of G', since KL\L j z , S X \L Y , S j x \K z are in Q/. Thus, by 
Lemma [5] applied to the cycle {K Y , L Y , AA, S x , L z , K 3 z }, we conclude that 
K Y is adjacent to AA ; S x , and L z . Next, observe that SA is adjacent to AA and 



K 3 Z by §a§ and since /3L. £ SAn A^. Recall that K Y is adjacent to AA and K z . 
Further, A^AA is not an edge of G', since K° Z \KL is in Q/. Thus, by Lemma HI 
the vertex SA is adjacent to K Y . Now, recall that L 3 Z is adjacent to S x and A^, 
and S X K Z is not an edge of G' . Also, A J is adjacent to S x and K 3 Z by (jvj) and 
since X 3 £ A 3 n A"^. Thus, by Lemma |U the vertex L 3 Z is adjacent to A- 7 . Now, 
observe that D{ is adjacent to K x , AA, since X 3 £ D{ n A^- and 7^ G Aj t~l AA. 
Recall that also Sx is adjacent to both K x and AA, and that A-^ AA. is not 
an edge of G'. Thus, by Lemma 21 we have that D\ is adjacent to S 3 X . Next, 
observe that D 3 2 is adjacent to Ay, AA, since X 3 £ D 2 n Ay and 72 £ D2 n AA. 
Recall that K 3 Y is adjacent to KL and SA. Also, AA is adjacent to S 3 X , SA 
KL by (O, and K 3 Y is adjacent to SL, since /3A G A'y n SA. Further, K 3 Y KL 
is not an edge of G', since Ay|A-A is in Qj. Thus, by Lemma [4] the vertices 
S x , Sy, AA are adjacent to D 3 2 . Now, observe that D\, D 3 2 are adjacent to K z , 
since X 3 £ D^C] D 2 C\ K 3 Z . Also, recall that S x is adjacent to D^, D 2 , L 3 Z , the 
vertex K 3 Z is adjacent to SA, A^, and S X K Z is not an edge of G' . Further, S x is 
adjacent to S~ by (jnj). Thus, by Lemma 0] both D{ and A2 are adjacent to SA 
and A^. Next, observe that D 3 3 is adjacent to K 3 Z , AA, since A J £ D 3 n K 3 Z and 
73 e D3 l~l AA. Recall that also SA is adjacent to K 3 Z , AA, and that K 3 Z KL is 
not an edge of G' , Thus, by Lemma [4] the vertex D 3 3 is adjacent to SA. Further, 
recall that L 3 Z is adjacent to K z , S x , the vertex AA is adjacent to S x , and 
S X K Z and KLL 3 Z are not edges of G' . Thus, Lemma [5] applied to {A3, K z , L 3 Z , 
S x , AA} yields that D 3 3 is adjacent to both L 3 Z and S 3 X . Moveover, SA is also 
adjacent to S x by (|IiJ), and A y is also adjacent to D 3 3 , SA, since 73 £ D 3 3 n Ay 
and /?A g SA n A y . Further, recall that S^-Li- is not an edge of G' . Thus, by 
Lemma H] applied to {A3, L Y , SA, S x }, the vertex A3 is adjacent to SA 

To prove (jviil) . we observe that the above analysis yields that G 1 contains 
edges F 3 L j z , K 3 x L j z , K 3 Y KL } D 3 2 K 3 -, D 3 2 SL, and A^SA. It remains to show that 

{D{, D 2 , D 3 , S x , SA, L 3 Z , Ay} forms a complete graph. By the above paragraph, 
we have that S x , SA, L z are adjacent to D{, D 2 , D 3 . Also, D{, D 2 , D 3 and K Y 
are pair- wise adjacent, since X 3 £ D[ n D 3 2 n D 3 3 n K Y . Further, L 3 Z is adjacent 
to S x , and K Y is adjacent to S x , SA, L z , by the above paragraph. Finally, SA 

is adjacent to S 3 X and L 3 Z by dnj and since (3L e SA n L^. This proves ((vn]). 
The proof is now complete. □ 

Lemma 10. If a is a satisfying assignment for I, then G* is chordal. 

Proof. Again, assume that a is a satisfying assignment for A That is, for each 
clause Cj = XVYVZ, either X = 1, Y = Z = 0, or Y = 1, X = Z = Q, or Z = 1, 
A = y = 0. Consider the following partition V1UV2UV3UV4UV5 of V(G%) where 



Vi = {false knees, D- vertices}, V% = {false shoulders}, V3 = {A- vertices}, V4 = 
{H- vertices, F- vertices}, and V5 = {true knees, true shoulders, the vertex B}. 

Let 7r be an enumeration of V(G* a ) constructed by listing the elements of V±, 
V2, V3, V4, V5 in that order such that: 

(•) the elements of V\ are listed by considering each clause Cj = XVY ' V Z and 
listing vertices (based on the truth assignment) as follows: 

a) if X = 1, then list K 3 —, K' y . L Y , L j z , Af . I)!.. D{ in that order, 

b) if Y = 1, then list K^, K 3 X , L j z , L j x , D 3 2 , K 3 Z , D{, D 3 3 in that order, 

c) if Z = 1, then list KL, K y , L j x , L 3 Y , D 3 3 , K x , D 3 2 , D{ in that order, 

(•) the elements of V2 (the false shoulders) are listed by listing the false shoulders 

of the clauses C\, C2, ■ • ■ , C m in that order, 
(•) the elements of V4 are listed as follows: first the vertices H Vll H w , H V2 ,Hyj, 

. . . H Vn ,Hj^ in that order, then F m , F m_1 , . . . , F 1 in that order, 
(•) the elements of V3 and V5 are listed in any order. 

We show that 7r is a perfect elimination ordering of G* which implies the claim. 

First, consider V\. Let j G {1 . . . rn} and let Cj — X\IY\I Z. By the rotational 
symmetry between X, Y, Z, assume that X = 1 and Y = Z = 0. So, ir lists the 
false knees and D-vertices of Cj as KiL, K z , L Y , L 3 Z , D\, K Y , D 3 , D 3 2 . 

First, consider the vertex K^L. Recall that K^L = {fix tlx}- Observe that S x 
is the only other vertex containing j3 3 x , and L 3 Z , D\ are the only other vertices 
containing r f 1 . Moreover, none of the rules (jlj)- flvii[) adds edges incident to K^L-. 
Thus, S x , L z , D\ are the only neighbours of Kj-, and they are pair- wise adjacent 
by (|vii[) . This proves that K^L is indeed simplicial in G* . 

Next, consider K z . Since K 3 Z = {(3 Z , X 3 }, we conclude that K 3 Z is adjacent to 
SL, L 3 Z , K 3 Xl K 3 Yl D], D?, £>|, and F 3 . Moreover, K 3 Z has no other neighbours 
by observing the rules (|I|)- (jviil) . Now, by (jviip . we conclude that S^, L z , K Y , 
D{, D 3 ,, D 3 3 are pair- wise adjacent. Also, the vertices F 3 , K x , K Y , D^, D 3 ,, D 3 
are pair- wise adjacent, since they all contain X 3 . Further, F 3 is adjacent to S^= 
and L 3 Z by (jvj) and . respectively, and K 3 X is adjacent to Sj^ and L 3 Z by (jn} 
and (Iviil) . respectively. This proves that K 3 Z is simplicial in G*. 

Now, consider L Y . The neighbours of L Y are S^, K Y , K^L, and D 3 . So, 5*^ 
is adjacent to K~ D 3 , and by (Jn]), (jviip . and since G Sonify. Similarly, 
]fy is adjacent to K!L and D 3 by (jviip and since X 3 G A" y n -D3. Finally, K-L is 
adjacent to D 3 , since 73 G K^Lf] D 3 . Thus L y is simplicial in G*. 

Next, consider Z^. The neighbours of L z are F 3 , AT^, ify, A"^, -^ij -^2' 
D 3 3 , S 3 X , SL, and A"^. By din]), the vertices D{, D 3 2 , D 3 3 , S 3 Xl SL, K 3 Y are pair- 
wise adjacent. Also, F- 7 , A"-^, K Y , D^, D 3 ,, D 3 3 are pair- wise adjacent, since they 
all contain \j. Further, K 3 X and F 3 are adjacent to S 3 X , S^L by (JTTJ) and (jvj), 
respectively. This proves that L 3 Z is simplicial in G* — {Kl-, K 3 Z }. 



Now, consider D\. The neighbours of D{ are F J , K x , K 3 Y , K 3 Z , D 2 , D 3 3 , 
S 3 X , SL, L j z , and KL. By (|vii]>. the vertices F^, F^, S 3 X , SL, K 3 Y are pair- 
wise adjacent. Also, F 3 , F^, Fy, ^3 are pair- wise adjacent, since they 
all contain A- 7 . Further, K x and F° are adjacent to 5^, SL by (JTTJ) and (jvj), 
respectively. This proves that D\ is simplicial in G* — {KL, K z , L z }. 

Next, consider K Y . The neighbours of iff are F*, K 3 X , K z , D{, D 3 2 ,D 3 3 ,S 3 X , 
SL, SL, KL, L 3 Y , and L 3 Z . By (jvnj), the vertices D 2 , D\, S x , SL are pair- wise 
adjacent. Also, F, K 3 X , D 2 , D J 3 are pair-wise adjacent, since they all contain A 3 . 
Further, by (HH, the vertices S x , SL, SL, K x , and KL are pair- wise adjacent, 
and are adjacent to F- 7 by (jvj). Moreover, by (jviij) . both S|- and ifi are adjacent 
D 2 , and are also adjacent to D 3 3 by (jvnj and since 73 6 FFn F3, respectively. 
This proves that K Y is simplicial in G* — {K z , L Y , L 3 Z , D{}. 

Now, consider £>|. The neighbours of D| are F- 7 , F^, K 3 Y ,K 3 Z , D{, D j 2 , S 3 X , 
S Y , SL, K^, L j z , and l£. By ©, the vertices S^, , S|, K^, F| are pair- 
wise adjacent. Also, F- F^, £>2 are pair- wise adjacent, since they all contain A 3 . 
Further, F J and £>2 are adjacent to S x , SL, SL, KL by (jvj) and (jviil) . respectively. 
Thus D| is simplicial in G* - {F^, L Y ,L 3 Z ,D{,K Y }. 

Finally, consider £>|. The neighbours of D] are F- 7 , K x , K Y , K 3 Z , D), D?, 
S 3 X , SL, SL, KL, KL, l? x and L 3 Z . By ©, the vertices S 3 X , SL, S 3 -, K' x , L 3 X , KL, 
KL. are pair- wise adjacent, and are adjacent to F by (jvj). Thus D? is simplicial 
in G* — {K z , L z , D\,K Y , D 3 3 }. This concludes the vertices in V\. 

We now consider V%. Let j G {1 . . . m} and consider a false shoulder S 3 W for 
some W — 0. Let i be such that = w, or W = W- Then the neighbours of S 1 ^, 
are the vertices Hw, A^, and the elements of the following sets: 

S- = {S 3 W I f G A and f < j} S+ = {S 3 W \ f G A and j < f} 

K- = {K 3 W , L 3 — (if exists) I f G ^ and j' < j} 

By (JTTJ) , the elements of /C - are pair- wise adjacent. Similarly, the elements of 
{Hw, Ai} US + are pair-wise adjacent, since they all contain aw- Further, each 
element of S + is adjacent to every element of K~ by (JvTJ) , and each element 
of Kr is adjacent to Ai and Hw by jmj) and ([IvJ) , respectively. This proves that 
S w is simplicial in G* — S~ . Finally, note that the elements of S~ are false 
shoulders in clauses &, . . . , Cj-i- This concludes the elements of Vi. 

For V3, let % G {1. ..n} and consider the vertex Aj. The neighbours of Ai 
are the vertices H Vi , Hy-, all shoulders of the literals Uj , W, and all true knees 
of Vi,Ui. By (JTTJ) , the true knees and true shoulders of Vi, vl are pair- wise adjacent, 
and are adjacent to both H Vi and Hy- by (jrv|) . Also, ii^ is adjacent to fl^-, since 
5 € F^ fl F— . Thus is simplicial in G* — V2 ■ This concludes V3 . 

Now, we consider V4. Let i G {1 . . . n} and consider iJt,^ F^-. The vertices 
Ft,;, Fjj- are adjacent to the vertices F, Ai, the elements of the following sets 

H- = {H Vt ,,Hv-r \i' <i] H+ = {H Vi ,,H^- | i < i'} 



and all true knees, true shoulders of Vy, Wf for all i' G {1 . . . i}. Further, H Vi is 
adjacent to Hy-, to all shoulders of vt and to no other vertices, whereas Hy- is 
adjacent H Vi , to all shoulders of VI and to no other vertices. Now, by ([u]), the true 
knees and true shoulders of , for all i' G {1 . . . i}, are pair-wise adjacent, 
and are adjacent to B and each element of % + by © and ([IvJ) , respectively. 
Also, the elements of {B} U T-L + are pair-wise adjacent, since they all contain S. 
Finally, observe that the false shoulders of Vi, vl belong to V?. This proves that 
both H Vi and Hy- are simplicial in G* — (V2 U V3 U H~) as required. 

Next, let j G {1 . . .m} and consider A J . Let Cj = X V F V Z, and by the 
rotational symmetry, assume that X = 1 and Y = Z = 0. Then the neighbours 
of F° are _B, K Y , K 3 Z , D\, D 3 ,, D 3 3 , L 3 Z , the elements of the following sets 

T- = {F 3> I f < j} F+ = {F 3 ' I j < j'} 
and all true knees and true shoulders of the clause Cj> for all j' G {j . ..m}. 
By Jn]), the true knees and true shoulders of the clause Cj' for all j' G {j . . . m}, 
are pair-wise adjacent, and are adjacent to B and each elements of T~ by fl| 
and (jvj), respectively. Also, the vertices of {B}U T~ are pair- wise adjacent, since 
they all contain [i. Thus F 3 is simplicial in G* — (Vi U J- + ). This concludes V4. 

Finally, observe that all vertices of V5 are pair- wise adjacent by (0) and ([n]). 
That concludes the proof. □ 

Lemma 11. For every chordal sandwich G' of (int*(Q/), forb(Q/)) ; there is a 
such that G (j is a subgraph ofG', and such that a is a satisfying assignment for I. 

Proof. By Lemma for each i G {l...n}, there is W G {vi,Vi} such that 
for all j G Ai, the vertices S 3 Wl K 3 Wl and L 3 w (ii exists) are adjacent to B. Set 
<j(vi) = 1 if W = Vi, and otherwise set <r(vi) ~ 0. For such a mapping a, the 
graph G' clearly contains all edges of G a . Thus, by Lemma [9J the graph G' a is a 
subgraph of G', that is, G' contains the edges defined in (fn])-(lvil). 

It remains to prove that a is a satisfying assignment for /. Let j G {1 . . . m} 
and consider the clause Cj = X \/ ' Y " V Z ' . If A = Y = 1, then the vertex Sy is 
a true shoulder, and K 3 X is a true knee. Thus, by (juj, we conclude that Sy is 
adjacent K 3 X . However, this is impossible, since S Y \K 3 X is in Qy- Similarly, if 
X = Z = 1, we have that S 3 X is adjacent to A^ by (JTTJ) while S^A^ is in Qi, 
and if F = Z = 1, then S 3 Z is adjacent to Ay by ((11]) while S 3 Z \K Y is in Q/. 

Now, suppose that X = Y = Z = 0. First, observe that K x is adjacent 
to A^-, K 3 Z , and the vertex is adjacent to K 3 Z , AA, since /3A g A^ n L 3 X , 
X 3 E K 3 X (1 K 3 Z , /3L £ L 3 Z Ci K 3 Z , and 7^ G L 3 Z Pi AA. Also, AA is adjacent to AA 
by jnj. Further, KLK 3 Zl KLL 3 z and AA-L^. are not edges of G', since KL\K 3 Z , 
Kj^\L 3 z , and AA|L^ and in Q/. Thus, if L x is adjacent to AA ; then by LemmaU 
applied to {K 3 X , L 3 X , K^L, AA, L 3 Z , K 3 Z }, we conclude that K x is adjacent to 
K^L, which is impossible since Kj^\K x is in Qj. Similarly, if K x is adjacent to 
AA, then by Lemma [5] applied to {K 3 X , K 3 -, AA, L ] z , K 3 Z }, we again conclude 
that K x is adjacent to A-A ? a contradiction. So, we may assume that both K x 



and L? x are not adjacent to KL. Now, observe that L Y is adjacent to KL.^ K y , 
and the vertex K 3 X is adjacent to L x , K Y , since 73 e KL(~]L Y , (3L g n iT y , 

< K v • /.^. and A 3 6 ify fl K x . Also, #1 is adjacent to KL. and by (© 
and since 72 € i£Ln L^-. Further, KL.K Y and KLL Y are not edges of G", since 

JsT y and L Y are in Qj. Recall that K J X and L^- are not adjacent to KL. 

Then this contradicts Lemma |6] when applied to {K x , L x , KL 7 KL : L 3 y , K y }. 

Thus, it is not the case that X = Y = Z = 0, and by the above also not 
X = Y = 1, nor X = Z = 1, nor Y = Z = 1. Therefore, either X = 1, 
Y = Z = 0, or F = 1, X = Z = 0, or Z = 1, X = Y = 0. This proves that cr is 
indeed a satisfying assignment for /, which concludes the proof. □ 

We are finally ready to prove Theorem [5] 

Proof of Theorem [8j Let G' be a minimal chordal sandwich of (int*(Qj), 
forb(Qj)). By Lemma [TT1 there exists a, a satisfying assignment for /, such that 
G a is a subgraph fo G". Thus, G" is also a chordal sandwich of (G a , forb(Qj)), 
and hence, G* is a subgraph of G' by Lemma[9] But by LemmatTOl G* is chordal, 
and so G' is isomorphic to G* by the minimality of G'. 

Conversely, if cr is a satisfying assignment for /, then the graph G* is chordal 
by Lemma [TU1 Moreover, int*(<2/) is a subgraph of G*, by definition, and G* 
contains no edges of forb(Q/), also by definition. Thus, G* is a chordal sandwich 
of (int*(Q/), forb(Q/)), and it is minimal by Lemma|9l 

This proves that by mapping each satisfying assigment a to the graph G*, 
we obtain the required bijection. That concludes the proof. □ 

Finally, we have all the pieces to prove Theorem [TJ 
7 Proof of Theorem [J] 

Consider an instance / to ONE-in-three-3sat and a satisfying assignment for /. 
We construct the collection Qj of quartet trees, as well as the ternary phyloge- 
netic tree T a as described in Sections [3] and 0] respectively. Clearly, constructing 
Qi and T a takes polynomial time. By combining Theorem [7] with Theorems [5] 
andO we obtain that a is the unique satisfying assignment of J if and only if T a 
is the only phylogenetic tree that displays Q[. Since, by Theorem [21 it is NP- 
hard to determine if an instance to ONE-in-three-3sat has a unique satisfying 
assignment, it is therefore iVP-hard to decide, for a given phylogenetic tree T 
and a collection of quartet trees Q, whether or not Q defines T. 
That concludes the proof. 
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